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We investigate thermoelectric transport through interfaces with inelastic scatterings by devel-
oping a quantum theory, which has been extensively validated by existing theories. We find that
under temperature bias, while a two-terminal conductor-insulator interface behaves only as a ther-
mal resistor, a three-terminal conductor-insulator-conductor interface can function as an electricity
generator caused by phonon-mediated electron scatterings with heat-charge current separation. Un-
like conventional thermoelectrics which is a property of a bulk caused by the Seebeck effect, this
thermoelectric behavior is a property of an interface driven by electron-phonon scatterings.
Thermoelectrics is a physical process that converts
heat energy to electricity. In the last few decades, huge
efforts have been made in searching for high-performance
thermoelectric materials by maximizing a dimensionless
quantity called figure of merit1. The figure of merit is
a near-equilibrium calibration of thermoelectric perfor-
mance when the underlying mechanism is the Seebeck
effect2,3, which describes that a voltage bias between two
ends of a material is induced by a temperature bias along
the same channel due to asymmetric diffusion of electrons
above and below Fermi-energy. The material itself acts
as an energy filter that blocks electrons through energy
gap or unevenly distributes carrier density and mobility4.
However, the challenge in this approach is that the fac-
tors that determine the figure of merit, such as the See-
beck coefficient, electric conductivity and thermal con-
ductivity, which are measured in the same channel, are
often interrelated. For example, semiconductors with a
suitable bandgap are able to produce high Seebeck coef-
ficients but low electric conductivity. Another example is
that the thermal conductivity and electric conductivity
are often proportional to each other (The Wiedemann-
Franz law).
Along with the advances in nanotechnology, explo-
rations of other thermoelectric mechanisms beyond two-
terminal Seebeck effect become appealing. When the de-
vice length scale is smaller than the electronic relaxation
length, the electrons become far from local equilibrium
and the behavior of electrons is no longer just diffusive5.
Instead, the detailed scattering mechanisms become im-
portant, which provides a rich playground for new physics
of thermoelectrics. For instance, in a triple quantum dots
system, it has been demonstrated that heat and charge
currents can be separated in a thermoelectric device and
the performance is enhanced through separate controls
of electric and thermal conductivities6. Adding a phonon
bath via electron-phonon interaction to double quantum
dots system as heat supply is also shown to be favourable
for thermoelectrics7,8. Adding a heat exchange termi-
nal through electrons to a thermoelectric system has also
been proposed such as Aharonov-Bohm rings9 and volt-
age probes with broken time-reversal symmetry10,11.
In this work, we propose that a weekly coupled three-
terminal interface is able to function as a thermoelec-
tric module that goes beyond the Seebeck effects, due to
the extensive momentum and energy exchanges at the
interface. We demonstrate that while a two-terminal
conductor-insulator interface only behaves as a heat resis-
tor, a three-terminal conductor-insulator-conductor in-
terface can behave as a thermoelectric generator. The
electron-phonon scatterings at the interface are found to
be an active component that drives the thermoelectrics.
Furthermore the separation of heat and charge currents
is obtained as the heat flows from the insulator to both
conductors but the electric current flows between the con-
ductors only. The interface scatterings play the role as
an energy filter via the selection rule of electron-phonon
interactions. Therefore the achieved thermoelectrics be-
comes a property of interface itself. As a result, in ad-
dition to material search, it suggests a new direction of
thermoelectrics through interface engineering.
In order to investigate transport through the inter-
faces, a suitable quantum transport theory is neces-
sary. However, the established theories face challenges
in handling interfaces. For instance, the non-equilibrium
Green’s function (NEGF) is difficult to handle inelas-
tic scatterings, which are exceedingly important at in-
terfaces. The breakdown of periodicity at interface also
restricts the use of Boltzmann transport equation in mo-
mentum space. Therefore, we have developed a theoret-
ical framework from a Hamiltonian level, which is spe-
cific to solve interface transport problems. It is gen-
eral enough to handle most types of transport carriers
including both electrons and phonons. In this theory,
the interface is modelled by connecting a left Hamilto-
nian HL to a right one HR via interfacial coupling HLR
for generality. The total Hamiltonian can be written as
H = HL+HR+HLR. The interface Hamiltonian follows
the form of direct product of coupling operators
HLR =
∑
αβ
VαβB
L
α ⊗BRβ , (1)
where BL(BR) is a column vector of the operators be-
longing to the left (right) region that couples to the right
(left) region and V is a matrix of the coupling strength.
Currents are the observables of interest in studying
2thermoelectrics. The current flow from one region to the
other is related to conserving quantities within each re-
gion. Hence the current operator can be defined as the
rate of change for that conserving quantity in one region.
For instance, the energy current operator can be defined
as the derivative of left region Hamiltonian, and electric
current operator can be defined from the change rate of
electron number in one region. To be general, we use
XL to represent such conserving quantity in the left re-
gion, and then the current operator flowing out of the
left region can be defined as its time derivative
IL = −dX
L
dτ
= − i
h¯
∑
αβ
Vαβ [B
L
α , X
L]⊗BRβ . (2)
By replacing XL with HL, one obtains the energy cur-
rent. Similarly, by replacing XL with electron number
operator NL, one obtains the particle current.
In the regime where the coupling matrix V is small, one
can derive that in steady state, the expectation value of
current operator can be written as
I¯L = − i
h¯
∫ ∞
−∞
dτ Tr
{−→
ΨL(τ)V [V ΦR(τ)]T
}
, (3)
where both
−→
ΨL(τ) and ΦR(τ) are the matrices of corre-
lation functions. Explicitly they are
−→
ΨL(τ) = Tr[ρLBL(τ)(BL)T ], (4)
ΦR(τ) = Tr[ρRBR(τ)(BR)T ], (5)
where BLα is a shorthand notation of − ih¯ [BLα , XL],
ρL(ρR) is the density matrix of left(right) region and
the time evolution is according to HL or HR, in other
words, BL(τ) = eiHLτ/h¯BLe−iHLτ/h¯ and BR(τ) =
eiH
Rτ/h¯BRe−iH
Rτ/h¯. A detailed derivation of Eq. (3)
is given in Section A of Supplemental Material. It can
be shown that this formalism is accurate to the second
order of the coupling strength V . In Section B of Supple-
mental Material, we show two examples of applying this
formalism to heat and electronic transport problems for
interfaces with only elastic scattering. In order to verify
the consistency of this theory from existing theories, we
show (1) in Section C of Supplemental Material, that for
heat transport of a Rubin chain, this formalism analyti-
cally matches with the non-equilibrium Green’s function
formalism12 up to the second order of V ; (2) in Section
D of Supplemental Material, for a heat bath coupled to
a finite system, this formalism analytically matches with
the current formula derived from the quantum master
equation approach (QME)13,14.
This formalism can be further generalized to multi-
terminal interfaces where the total Hamiltonian becomes
H = H1 + H2 + · · · + Hn + Hint and interface cou-
pling Hamiltonian becomes Hint =
∑
{αi} Vα1···αnB
1
α1 ⊗
B2α2⊗· · ·Bnαn , where Biαi is the αth coupling operator be-
longing to Hamiltonian Hi. Through a straightforward
derivation, one can find that Eq. (3) can be generalized
as
I¯i = − i
h¯
∫ ∞
−∞
dτ
∑
{α,α′}
Vα1···αnVα′1···α′n
−→
Ψ iαiα′i(τ)
∏
j 6=i
Φjαjα′j
(τ)
(6)
where I¯i is the expectation value of the current flowing
out of lead i and the summation is over all the combina-
tions of indices α and α′.
Next we apply our theory to an insulator-conductor
interfaces where electron-phonon interaction is predom-
inantly through scatterings. We explore two kinds of
interfaces. The first one is a two-terminal insulator-
conductor interface as shown in Fig. 1(a), where both
the pre- and post- scattering electrons are in the same
conductor. The second one is a three-terminal setup as
shown in Fig. 1(b), where electrons from one conductor
can hop towards the other conductor via absorbing or
emitting phonons.
Two-terminal interfaces The two-terminal setup can
be modelled by a phonon Hamiltonian that is coupled to
an electron Hamiltonian via electron-phonon interaction
(EPI) as follows
H = HL +HR +Hepi, (7)
whereHL =
∑
q
(pq)
2
2mq
+ 12mqω
2
q(xq)
2 is the phonon Hamil-
tonian with pq, mq, ωq and xq being the momentum,
mass, frequency and displacement of phonon mode q.
HR =
∑
k εkc
†
kck is the electron Hamiltonian with εk, c
†
k
and ck being the energy, creation and annihilation opera-
tor of electron with wave-vector k. Here we have ignored
the phonons in the conductor. The EPI Hamiltonian
is written as Hepi =
∑
nij M
n
ijxnc
†
icj , where M is the
coupling tensor containing information of EPI strength.
Written in the normal coordinates of HL and HR, this
Hamiltonian becomes Hepi =
∑
nij,qklM
n
ijc
n
q v
i
βv
j
γxqc
†
βcγ ,
where xn =
∑
q c
n
q xq and ci =
∑
β v
i
βcβ are the nor-
malization coefficients. We can verify that the electron
number operator of right region, NR =
∑
k c
†
kck, com-
mutes with H , indicating that the number of electrons
in the right region is conserved and the net electronic
current flowing through the interface equals zero, inde-
pendent of the states of the interface. However, the heat
current can flow through the interface due to the energy
exchange between the electrons and phonons. Indeed,
the heat current operator going out of the left region is
ILh = −
dHL
dτ
=
∑
nij
Mnij
pn
mn
c†i cj . (8)
By plugging these coupling operators into Eq. (3), we
found that the heat current flowing out of left region is
I¯Lh =
2
h¯2
∑
nij,mkl
MnijM
m
kl
∫∫
dε1dε2
(2pi)2
JLnm(Ω)n
L(Ω)Ω
×Wjk→li(ε1 → ε2), (9)
3FIG. 1. (a)Thermal transport in two-terminal conductor-
insulator interface. The energy of phonons are absorbed
by the electrons in the conductor, resulting in a heat flow
from left to right region. (b)Thermoelectric transport in
conductor-insulator-conductor interface. Two conductors
with equal temperature are connected to an insulator. Elec-
trons in one conductor can hop to the other via absorption or
emission of phonons from the insulator, resulting thermoelec-
tric current flowing along the two conductors.
where
Wjk→li(ε1 → ε2) = ΓRjk(ε1)ΓRli(ε2)fR(ε1)[1− fR(ε2)],
(10)
is the transmission rate of electrons from energy ε1 to ε2.
Here Ω = (ε2 − ε1)/h¯, Jnm(Ω) = pi
∑
q
h¯cnq c
m
q
2mqωq
δ(Ω − ωq)
when Ω ≥ 0 and J(Ω) = −J(−Ω) when Ω < 0; and
Γij(ε) =
∑
α 2piv
i
αv
j
αδ(ε − εα) are the phonon and elec-
tron spectral density, nL(Ω) = 1/(e
h¯Ω
kBTL −1) is the Bose-
Einstein distribution of phonons and fR(ε) = 1/(e
ε−µR
kBTR+
1) is the Fermi-Dirac distribution of electrons containing
the information of temperature TL, TR and chemical po-
tential µR. Equation (9) is a general formula to calculate
the heat current across a conductor-insulator interface
mediated by EPI. To verify that this theory obeys the
thermodynamic laws, (1) in Section E of Supplemental
Material, we show that energy conservation in such inter-
face, explicitly i.e. I¯L+I¯R = 0, is satisfied, which justifies
the first law of thermodynamics; and (2) in Section F of
Supplemental Material, we show analytically that though
the two regions beside the interface have different types
of heat carriers, the second law of thermodynamics is
strictly guaranteed.
For illustration, we apply this formula to a one-
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FIG. 2. (a)Thermal current is plotted against the temper-
ature bias. (b)Thermal conductance is plotted against the
average temperature of the leads. We use ∆ = h¯ω = h¯
√
k/m
as reference unit of energy. Then the other parameters are,
t = ∆, µ = 0, k0 = k and M
N
11 = 0.1∆. In panel (a) the
temperature of right lead is fixed at TR = 0.5∆/kB . In panel
(b)The conductance is evaluated by G = I¯L/(TL−TR), where
TL/R = Tm ± 0.01∆/kB .
dimensional model that contains a Rubin bath connect-
ing to a tight-binding electron Hamiltonian. The spring
constant in Rubin bath is k except for the one near the
interface being k0. The electrons have on-site energy ε0
and hopping energy t, which are the diagonal and off-
diagonal elements of tight-binding Hamiltonian, respec-
tively. Since only the phonons and electrons near the in-
terface interact with each other, the EPI Hamiltonian can
be Heph = M
N
11xN c
†
1c1. In this case
12, the phonon spec-
tral density becomes J(ω) = −2Im[ h¯k−k0−k/λph(ω) ], where
λph(ω) =
−ω′±√ω′2−4k2
2k with ω
′ = (ω+ iη)2−2k/m. The
electron spectral density is Γ(ε) = −2Im[λe(ε)/t], where
λe(ε) =
ε−ε0±
√
(ε−ε0)2−4t2
2t . For both phonons and elec-
trons, the plus or minus sign is determined by the condi-
tion |λe(ph)| < 1.
By plugging these spectral densities into Eq. (9), we
are then able to calculate the interfacial thermal current.
The results shown in Fig. 2(a) verify the second law of
thermodynamics such that the currents always flow from
the high-temperature region to the low one. Interest-
ingly, we find that the temperature dependence of inter-
facial current exhibits a peak. This peak happens in the
regime where the phonon energy spectrum profile fits the
electron energy spectrum profile. In the low temperature
end, the phonon population is low so that the number of
phonons that the electrons can absorb is limited. On the
other hand, in the high temperature end, the high-energy
phonons are populated and their energy levels go beyond
the spectra of electron energy.
Three-terminal interfaces In the two-terminal setup,
the electric current is zero in any parameter regime. How-
ever, in the following, we show that a three-terminal
conductor-insulator-conductor interface, as shown in
Fig. 1(b), is able to function as a thermoelectric gen-
erator. In the setup, the two conductors with equal tem-
perature but different on-site and hopping energies are
4connected to a phonon lead. Electrons can hop between
the conductors via emitting or absorbing phonons. This
microscopic EPI scattering process is able to cause ther-
moelectric behavior. For example, when the phonon lead
has a higher temperature, the emission of phonons from
the insulator can drive electrons hopping in-between the
conductors and thus induce an electric current flow be-
tween the conductors. Such mechanism is different from
the conventional Seebeck effect, since in the conventional
Seebeck effect, the influence of temperature is on the
Fermi-Dirac distribution of electrons, which causes elec-
tron diffusion, rather than interfacial activities.
The Hamiltonian of such problem is similar to Eq. (7),
except that the electron Hamiltonian HR needs to be
split into the upper and lower parts, HR = HR1 +HR2 .
Subsequently the EPI Hamiltonian becomes Heph =∑
nij M
n
ijx
L
n [(c
R1
i )
†cR2j + (c
R2
j )
†cR1i ]. To solve this prob-
lem, we need to use the multi-terminal formalism. By
applying Eq. (6), we obtain the expectation value of heat
flow out of the phonon lead as
I¯h =
2
h¯
∑
nij,n′i′j′
MnijM
n′
i′j′
∫∫
dε1dε2
(2pi)2
Jnn′(Ω)n(Ω)Ω
×
{
WR1→R2ii′→jj′ (ε1 → ε2) +WR2→R1jj′→ii′ (ε1 → ε2)
}
. (11)
where Ω = (ε2 − ε1)/h¯ and the definition of W is the
same as Eq. (10). We also obtain the electric current
flow between the two conductors as
I¯e =
2e
h¯
∑
nij,n′i′j′
MnijM
n′
i′j′
∫∫
dε1dε2
(2pi)2
Jnn′(Ω)n(Ω)
×
{
WR1→R2ii′→jj′ (ε1 → ε2)−WR2→R1jj′→ii′ (ε1 → ε2)
}
.(12)
We then apply this theory to a one-dimensional model.
By applying a temperature bias between the phonon lead
L and electric leads R1 and R2, we observe electric cur-
rent from R1 to R2. The models of the leads are the same
as before. We break the symmetry between R1 and R2 by
assigning different on-site energies of electrons, namely,
εR1 and εR2 , respectively. The results are shown in Fig. 3.
In panel (a) and (c), we show how thermoelectric currents
respond to the asymmetry between lead R1 and R2. By
fixing εR1 at 0, the electric current vanishes when the two
leads are symmetric (εR2 = 0) and it reaches two peaks
at opposite directions when εR2 is shifting away from 0.
These peaks become smaller with increasing hopping en-
ergy. The underlying reason of these peaks is that they
occur when the difference of electron energy spectra be-
tween lead R1 and R2 matches the spectrum of phonon
lead. Mathematically, it occurs when ΓR1(ε1)Γ
R2(ε2)
matches J(Ω). Under these conditions, the process of
electron scatterings between ε1 and ε2 through absorb-
ing or emitting a phonon becomes strong. An increase of
hopping energy will broaden the electronic energy spec-
tra and hence weaken such electron-phonon scattering
process. Figure 3(c) shows the heat current flowing from
the phonon lead to the two electron leads. Due to the
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FIG. 3. The electric current (a and b) and thermal current (c
and d) is plotted against the onsite energy of lead R1 (a and c)
and the average temperature (b and d). For (a) and (c) we set
TL = 1.1∆/kB , TR1 = TR2 = ∆ and εR1 = 0. For (b) and (d)
we set TL = Tm + 0.05∆/kB , TR1 = TR2 = Tm − 0.05∆/kB ,
εR1 = 1.0∆ and εR2 = 0. All other parameters are the same
as those used in Fig. 2.
same reason, the heat current also shows two peaks for
small hopping energy t = 0.25∆. However, in the sym-
metry case where εR2 = 0, the heat current does not
vanish. This is because the electric current is canceled
through the forward and backward scattering processes
between lead R1 and R2, but they both contribute to the
heat current. This heat current increases with increas-
ing hopping energy, due to the stronger heat dissipation.
Figure 3(b) shows the temperature dependence of inter-
facial electric current. In the low temperature regime,
the interfacial electric current increases with tempera-
ture due to the increased number of excited phonons. In
the other regime, the high temperature will smooth out
the asymmetry of electronic spectra and thus reduce the
electric current. As a consequence, there exits an op-
timized temperature for the interfacial electric current,
which is around Tm = 0.7∆/kB. Similar effects can also
be observed for heat current as shown in Fig. 3(d).
Figure 4 shows the scattering probability of electrons
between lead R1 and R2. Electrons with energy in the
red region experience forward transport (from R1 to R2 )
while in the blue regime, they experience backward trans-
port (from R2 to R1). The overall electric current comes
from the asymmetry between these two regimes, which
can be seen after numerical integration. However, we
can immediately conclude that for a small hopping en-
ergy [Fig. 4(a)], their scattering spectra are dense and
narrow. With increasing hopping energy, the scatter-
ing spectra broaden and overlap. Electrons with ener-
gies in the overlap regime can transport both forwards
and backwards, cancelling out their contributions to the
overall electric current. Therefore, it suggests that sharp
and dense energy spectra at the scattering interface have
5(a) (b)
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FIG. 5. The efficiency, which is divided by Carnot efficiency,
is plotted against εR2 under different hopping energies t. The
parameters are all the same as those used Fig. 3(a).
better interfacial electric performance.
Next we discuss the heat-work conversion efficiency of
the three-terminal thermoelectric generator. We analyze
the efficiency in the framework established by Goldsmid2.
Suppose an external load with resistance R is connected
to this thermoelectric generator, the efficiency is mea-
sured as the work done on the load divided by the heat
supply from the phonon bath. Due to the effect of the
external load, the electric current will be reduced by a
factor of R′/(R+R′), where R′ is the internal resistance
of the generator. Therefore the work done on the load
is W =
I2eR
′2R
(R+R′)2 . Due to the heat-charge current separa-
tion, we expect that the heat current from the insulator
Ih is not affected by the external load. As a result, the
efficiency is given by η = I2eR
′2R/[Ih(R + R′)2]. In this
case, the maximum efficiency and maximum power are
reached simultaneously when R = R′, resulting in max-
imum efficiency η = I2eR
′/(4Ih). The internal resistance
R′ can be calculated via R′ = (µR1−µR2)/Ie by applying
a small bias µR1 − µR2 = 0.001∆ to the two conductors
and keeping all the three terminals at the same temper-
ature. The results of the obtained efficiency are shown
in Fig. 5. It is seen that for all the hopping energies,
the maximum efficiency can reach 0.28ηC, where ηC is
the Carnot efficiency. For conventional thermoelectric
materials such high efficiency can only be reached when
the figure of merit is 2.16, showing a great potential of
this three-terminal generator to achieve a high-efficiency.
In the symmetric point ηR2 = 0, the efficiency is 0 due
to the lack of electric current. Efficiency peaks appear
at both sides of the symmetry point. With increasing
hopping energy t, the positions of the peaks shift out-
wards due to the broadening transmission spectrum. We
notice that when t = 0.1∆, the regime of maximum ef-
ficiency matches well with the regime of maximum cur-
rent Ie and the output power, distinctively different from
conventional thermoelectric materials that the maximum
efficiency and power are always disjoint.
In conclusion, we have developed a theoretical frame-
work that enables the analysis of interfacial transport
properties. This theory has been extensively validated by
existing theories, such as NEGF, quantum master equa-
tions, and the first and second laws of thermodynam-
ics. We find that, a three-terminal conductor-insulator-
conductor interface can behave as a thermoelectric gener-
ator. The emission of phonons at phonon lead can drive
the motion of electrons between the two conductors with
equal temperature. We show that such three-terminal
thermoelectric generator has a large heat-work conver-
sion efficiency. Hence, in addition to searching for high
performance thermoelectric bulk materials, our work sug-
gests an alternative route, i.e. investigating thermo-
electrics through interface engineering.
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